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Abstract. This paper is aimed at investigating links between Fell bundles over Morita equivalent groupoids and their 
corresponding reduced C-algebras. Mainly, we review the notion of Fell pairs over a Morita equivalence of groupoids, and 
give the analogue of the Renault's Equivalence Theorem for the reduced C"-algebras of equivalent Fell systems. Eventually, 
we will use this theorem to comiect the reduced C*-algebra of an -central groupoid extension to that of its associated 
Dixmier-Douady bimdle. 

Introduction 

A Fell system consists of a pair (S, £), where £ is a Fell bundle over the groupoid S. The notion of (Morita) 
equivalence of Fell systems was first introduced by S. Yamagami in l22l . and by then it was studied by Muhly 
in |9| and very recently by Muhly and Williams in |12| where the authors prove that if (F, J) and (S, £) are 
equivalent, then their full C*-algebras C*(F; J) and C*(S;£) are Morita equivalent (see k9j Theorem 11], and fl2l 
Theorem 6.4]). However, it has not been known so far whether an equivalence of Fell systems gives rise to a 
Morita equivalence between the associated reduced C*-algebras. 

The first motivation of our work came from twisted J<C-theory: to every groupoid S and every cocycle a e 
C^(S./Tr) is associated a Fell system (F;,,!,,), and the twisted J<C-groups -K*(S) are defined as the C*-algebraic 
JC-groups of the reduced C*-algebra C*(F„, L„) (cf. (2T|). Moreover, it is known that when a ~ [}, then not only F„ is 
Morita equivalent to but also the associated reduced C*-algebras C*(F„, L„) and C*(F(5, L^j) are Morita equivalent 
(see I2T] Proposition 3.3]); so that K* (S) s JC*(S). This has led us to a generalisation of the so-called Renault's 
equivalence Theorem for reduced groupoid C'-algebras ( fTSl Theorem 13]) to Fell systems. 

We recall from I2TI some concepts related to groupoids such as generalized homomorphisms and Dixmier-Douady 
bundles in §1, and we review the basics of Fell systems and their reduced C*-algebras from | 5 | and |21 1 in §2. 
In §3, we discuss the notion of equivalence of Fell systems of 1 9 1 and 1 12 1 from another formalism that better 
suits with the construction of the linking Fell systems introduced in §4. The equivalence theorem for the reduced 
C*-algebras of Fell systems is proved in §5, and then, in §6, we apply this theorem to link the C*-algebra associated 
to an -central extension of a groupoid S to the reduced cross-product ^1 x,. S, where A is some Dixmier-Douady 
bimdle. 



1. Preliminaries 

Although we assume that the reader is familiar with the language of groupoids (see for instance (T6l|), we 
recall some of their basics used substantially throughout this paper. All the groupoids we are working with are 
supposed to be Hausdorff, locally compact, second coimtable, and are equipped with Haar systems. They are 
also assumed to have finite-dimentional base spaces, in the sense of |4|. 

1.1. Given two groupoids S '' 9*"' and F ' £ F*"' , a generalized morphism Z : F — > S consists of a 

(locally compact Hausdorff) space Z, two maps F*"* ^ Z ^ g*"' (s and r are called generalized source map 

and generalized range map of Z, respectively), a left action of F on Z with respect to r, a right action of S on Z with 
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respect to s, such that the two actions commute, and Z — > F*"' is a right S-principal bundle. Such a morphism is 
a Morita equivalence if in addition, Z — > S*"' is a left F-principal bundle; in this case, we say that T and S are Morita 
equivalent, and we write F ~z S- The terminology of generalized morphism is justified by the fact that any strict 
groupoid homomorphism (see (161 ) / : F — > S induces a generalized one Zy^ : F — > S, where Zf := F'"' Xy^^g(D)^ S, 
with generalized source and range 5{y,g) := s(g) and x{y,g) := y, while the actions are }/ ■ {s{y),g) := (r{y), f(y)g), 
and {y,g)-g' := iy,gg')- 

1.2. If F ~z S, then S ~z-i T, where Z~^ is Z as topological space, and if b : Z — > is the identity map, 
the generalized source and range are s''(t)(z)) := r(z) and r''(b(z)) := s(z). The left S-action on Z"^ is given by 
g ■ b(z) := b(z^"^) for {z,g~^) e Z * S, and the right F-action is b(z) • }' := b{y~^z) whenever {y~^,z) € Y * Z. If 
F ~z. Si -z, S, then F ~z,x,. z, S, where Zi Xg Z2 is the quotient of the fibre product space Zi ^(o) . Z2 by the 
equivalence relation (zi,Z2) ~ (zi^i,g-j^Z2). 

1.3. A Dixmier-Douady bundle A over S is a locally trivial bundle A — > S*"' with fibre the C*-algebra X of 
compact operators on the separable infinite-dimensional Hilbert space 3f = /^(N), together with an action a by 
automorphisms of S on A; that is, a continuous family of isomorphisms of C*-algebras ag : As(g) — > Ar(g) such 
that Ugh = cig ° ai, whenever g and h are composable, and a^-i = a~^. Such a bimdle is represented by the triple 
{A, g,a). Let Kg := L'^{S) D{, where L'^(S) is the S-equivariant eo(S<°')-Hilbert module obtained by completing 
Cc(S) with respect to the scalar product {£,, 7])(x) = J^^ £,{g)rj(g)diJ.^^ (g). We say that two Dixmier-Douady bimdles 
A and 3 are Morita equivalent, and write A ~ 'B, if yi® X(Mg) s 3 (8>DC(Mg). The set of Morita equivalence classes 
of Dixmier-Douady bundles forms an abelian group Br(S) called the Brauer group of S- We refer to |6l, l20l , or (8) 
for more details about the structures of Br(S). 

2. Fell systems and their reduced C*-algebras 
If p : £ — > S is a Banach bundle, we set 

£Pl:={(ei,e2)e£x£|(p(ei),p(e2))eSP)}. 

Let m : g*^' — > g denote the partial multiplication of the groupoid g " s g''^* . Then m*£ — > g*^* is a Banach 

s 

bundle. 

Definition 2.1. (cf. O, (211 Appendix A]) . A multiplication on £ consists of a continuous map £p' 3 (£1,62) 1 — > 
{(p(e\),p{e2)),e\e2) e m'£ satisfying the following properties: 

(i) f/ie induced map Eg x £;, — > £,,/, is bilinear for all (g, li) € g*^'; 

(ii) (associativity) {eie2)e^ = £1(6263) whenever the multiplication makes sense; and 

(iii) \\eie2\\ < MM], for every {cuCi) e £P1. 

A '-involution on £ is a continuous 2-periodic map * : £ 9 e 1 — > e' e £ smc/; that 

(iv) p(e*) = p{e)~^, and 

(v) /or a// e g, the induced map ' : Eg — > E^-i is conjugate linear. 

Finally, we say that p : £ — > g is a Fell bundle if in addition the following conditions hold: 

(vi) (eie2)* = e;e;,V(£'i,e2)££Pl; 

(vii) ||e*e|| = Ve e £; in particular, E^ is a C -algebra, for x e g'*^'; 

(viii) e'e > 0, Ve e £; and 

(ix) (fullness) the image of the map Eg x £/, — > Eg], spans a dense subspace ofEgi,,for all (g,h) £ g'^'. 
If we are given such a Fell bundle, we say that (g, £) is a Fell system. 

Example 2.2. If A is a Dixmier-Douady bundle over g with action a, we get a Fell system (g, 8*^1), where s'A is the 
C-bundle over g obtained by pulling back A through the source map s : g — > g*"'. The multiplication on s'A is given by 
As(^) X AsQi) 3 {a,b) I — > a,,-i(a)b e As{gh) = As{h), and the '-involution is As(g) 3 a 1 — > %(fl)' e -^3(^-1) = -^rig)- 
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Given a Fell system (S, £), we turn the space Cc(S; £) of compactly supported continuous sections of £ into a 
convolution algebra by setting 

* n)i8) ■■= [ UyHY~'g)¥s\7l and ^ig) := ^g-')', for ^, e 6,(3; £), ^ € S- (1) 

Js'is) ^ 

Let ll^lli := sup^,g(„) J^, ||^(^)||rffi^g(^). We next define the I-norm \\ ■ ||, by ||^||, := max|||^||i, Then, the 

completion L^(S; £) of Cc(S; £) with respect to || • ||/ is a Banach "-algebra. Its envelopping C*-algebra C*(S; £) is 
called the full C'-algebra of (S, £)• 

Note that we have a C*-bundle over the base S*"', defined as the pull-back of £ along the identity map S'"' ^ S; 
we denote it by £*"'. We can view £*"' as the restriction £|g(o), once we have identified S*"' with a subset of S- 
Moreover, equipped with the pointwise norm, A := CoO'"'; £*'^') is a C*-algebra. We will usually write for the 
C*-algebra which is the fibre of £*"' over x e S*"'. 

The following proposition is proved, for instance, in fS^, (and in f5 1 in the case of proper groupoids), so we omit 
the proof. 

Proposition 2.3. Cc(S; £) is a pre-Hilbert (left) A-module under the operations 

if ■ mg) ■■= firigmig), forfeA,le 6,(3; £), a e S, and (2) 

,4<^,7]>(x):= r Ug)i]igydpl{g),for^,r]ee,i5;Q,xe5'-°^. (3) 

Jg-v 

Let L^O; £) be the Hilbert A-module obtained by completing 6,(3; £) with respect to the norm 

m\2:=\\Aa,0\\"^ for^ee,(S;£). 

Then, left multiplication by an element of 6,(3; £) (i.e. the map ni(l^) : rj i — > £, * i], E,, i] e 6,(3; £)) is a boimded 
A-linear operator with respect to the norm || • II2 which is adjointable (see 1 8 1). Hence ni extends to a "-monorphism 

71/ : 6,(3; £) -C(L'(3;£)) := £a(L'(3;£)). 
The extension of tt; to L^(3; £) is known as the left regular representation of L^(3; £). 

Definition 2.4. (cf. |2T] A.3]). Under the above notations, the closure of the image n;(6,(3; £)) in £(L^(3; £)) with respect 
to the operator norm is called the reduced C*-algebra of the Fell system (3, £), and is denoted by C*(3; £); i-e. 

c;(3; £) := 71,(6,(3; £)) c £(1^(3; £))). 

Remark 2.5. One can think ofC'.{S; £) as the completion of the convolution '-algebra 6,(3; £) with respect to the reduced 
norm || • ||, given by mi := sup{\\n,{0r]\\2 I r] e 6,(3; £), Wqh < H- 

Remark 2.6. If (A, 3, a) is a Dixmier-Douady bundle, then the reduced C'-algebra C*(3; s'A) associated to the Fell bundle 
s'A, denoted by A »r 3, is called the reduced crossed product of (A, 3, a); it plays an important role in twisted K-theory 
of groupoids ( (ID, |20l ). 

Alternatively, we will sometimes use another definition of the reduced norm, which is a generalisation of that 
of fTSl . Suppose we are given a right Fell system (3, £). Then, for all x € 3*"', consider the inclusion : 3x — > 3- 
Then, as in fTT A.3], we define the (right) Hilbert A.v-module L^(3.v; £) as the completion of 6c(3j:; i'^S-) with respect 
to the inner product (£, !])a, := J^^ ^(.gYlig^fixig) (the right action being {^i ■ a) : 9^ 3 g \ — > ^(g) ■ a e Eg). The 
following lemma is very easy to prove. 

Lemma 2.7. Let (3, £) be as above. Then, for all x £ 3*"', lefi multiplication by elements o/6,(3; £) gives a '-representation 
Ttf : 6,(3; £) — > £a.v(L^(3.v;£))- Moreover, we have 

m\c(3:E) ■■= mi = sup j||7TS(5)||, 6 6,(3; £) 
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3. Equivalence of Fell systems 

In this section, we are presenting the notion of equivalences of Fell bundles over Morita equivalent groupoids. 
Our definitions are slight modifications of those given by P. Muhly and D. Williams in 1 12 §.6]. 

Suppose that Z is a (right) principal S-space; that is, there is a principal S-action a : Z * S — > Z. If n : X — > Z 
is a Banach bundle, and if p : £ — > S is a Fell bundle, we set 

X * £ := i(M,e) e X X £ I {n{u),p{e)) e Z * S). 

Definition 3.1. A right Fell S-pair over the principal Sspace Z is a pair (X, £) consisting of a Fell hundle £ over S, a 
Banach hundle n : X — > Z, and a continuous map X * £ 9 {u,e) i — > ue € a*X, such that 

(i) (bilinearity) for all {z,g) e Z * S, the induced map X^ x £(, — > X^g is bilinear, and is compatible with the scalar 
multiplication; i.e. {Au)e = u{Ae) = A{ue),VA e C,{u,e) e X^ x 8,^; 

(ii) (associativity) if{z,g) e Z » S and (g,h) e S'^', one has u{eie2) = (Mei)e2,V(M, 61,62) 6 X, x £;, x £/,; 

(iii) |M| = ||w||||e||,V(M,e)eX,x£,; 

(iv) (faithfullness) the induced map X^ x — > X^g spans a dense subspace ofX^g. 
We also say that (S, £) acts on X on the right over Z. 

Likewise, one defines a left Fell S-pair (£, X) over a principal left S-space Z. 

Remark 3.2. Notice that if (X, £) is a right Fell S-pair over Z, then for every z eZ,X2 is a right E.i{z)-module. 

Now suppose that F ~z S- Then there are a continuous F-valued inner product r <•,•>: Z Xg(o) Z"^ — > F, and 
a continuous S-valued inner product < •, • >g: Z"^ Xp(o) Z — > S, defined as follows 

• for (2, b(2')) e Z Xp(o) Z"^, r < z,z' > is the unique element of F such that z = r < z,z' > -z'; 

• for (b(z),z') e Z~^ Xp(o) Z, < z,z' >g is the unique element of S such that z' = z- < z,z' >g. 

Observe that these fimctions are well defined, for Z — > F*"' is a S-principal bundle, and Z — > S*"' is a F-principal 
bundle. Furthermore, they satisfy the following equalities (cf. 1 13 §.6.1]): 

r < z,z' >-i = r < z',z >, V(z, t>(z')) e Z Xg(o) Z"\ (4) 

< z,z' >gi =< z',z >g,V(t>(z),z') e Z'^ Xr(o) Z, and (5) 

z- < z',z" >g = p < z,z' > -z", V(z, b(z'),z") X Z Xgm Z'^ x^m Z. (6) 

Lemma 3.3. Let F ~z S- Then, any right Fell S-pair (X, £) over Z gives rise to the left Fell S-pair (£, X) over the inverse 
Z~^, where X is defined as the conjugate bundle ofX. A similar statement holds for a left T-pair over Z. 

Proof. By definition X is X as space. If b : X — > X denotes the identity map, we define the projection n : X — > Z"^ 
by n{b{u)) := b(n{u)). The fibre X[,(2) is the conjugate Banach space of X,; the left S-action on X is §■ • b(u) := b{u- g~^), 
while the left action of £ on X is given by £j, x Xi,(z) 9 (e, b(u)) 1 — > b(u • e') £ Xg.\,^u). □ 

Let us fix some notations that will be used in the sequel. Suppose F ~z S- If (X, £) is a Fell S-pair, we define 
the topological spaces X * X := {{u,b{u')) e X x X | (n(u),n(biu'))) e Z Xg^ Z"!) and X*X := {{b{u),u') e Xx X | 
(7T(b(M)), 7i(m')) e Z~^ Xp(o) Z). Observe that the space Z Xg(o) Z"^ is a locally compact groupoid with base Z as 
follows: the product is (z, b(z')) • (z', b(z")) := (z, b(z")), the source of (z, b(z')) is z', its range is z, and its inverse is 
(z', b(z)). Similarly Z~^ Xp(o) Z is a locally compact groupoid with base Z'^. 

If F ~z S, and if (S, £) and (F, 3^) are Fell systems, we denote by £>,, and J'j-^ the Fell bundles over Z"^ Xp(o) Z and 
Z Xg(o) Z'^, respectively, obtained by pulling back £ — > S along the continuous map < ■,■ >g, and J — > F along 
the continuous map r < ■, • >, respectively. Note that, for instance, the fiber of £>,. over (b(z),z') is isomorphic to 

£<2,z'>g • 

Definition 3.4. Assume F ~z S and (X, £) is a Fell S-pair over Z. An £-vaIued inner product on X is a continuous map 
(•,-)e:X»X — >£>g, {b(u), u') 1-^ (u, u')^, such that 
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(i) for {b{z),z') 6 Xp(o) Z, the induced map {■, •)£ : X;,;^) x X^/ — > £<z,z'>g is linear in both the first and the second 
variable; 

(ii) (E-linearity)if{b{z),z') e Z~^XY{o)Zand{z,g) e Z*^,then{u,u')ii-e = {u,u' ■e)g,'i{\){u),u' ,e) e Xb(2) x Xz' x £ 

(iii) {u,u')\ = (u',u)ii e £<^^^,>-i = £<z',z>g; 

(iv) (positivity) for all z e Z and u £ X^, {m, m)£ > in £<z,z>,; = £5(z)/' md the equality (u, m)£ = implies u = 0. 
In this case, we say that X is a right (S, £)-inner product module over Z. 

Likewise, if (J, X) is a left Fell T-pair, one defines an ^-valued inner product 3-{-,-} : X » X — > J^^, all the actions being 
considered on the left. 

Remark 3.5. Observe that conditions (ii) and (iii) of the definition imply that (u ■ e,u')t = e' ■ (m, «')£, whenever the 
multiplications and the inner product are defined. Moreover, for all z&Z,1.^ is a pre-Hilbert A^(^ymodule. 

Definition 3.6. An equivalence between two Fell systems (Y, J) and (S, £) is a pair (Z, X) such that F ~z 3/ X is a left 
(3^, Y)-inner product module and a right (S, E)-inner product module over Z, with the following properties 

(i) (equivariance) for all (y, z,g) e F * Z * S, the multiplication Jj, x X^ x £,; — > Xy^j is associative; i.e. f -{ti ■ e) = 
if-u)- e, V(/, u, e) 6 X X^ X Eg; 

(ii) (compatibility) for all {z,\)(z'),z") e Z Xg(o) Z"^ Xp(o) Z and {ii,\)(u'),u") e X, x X^;,;) x Xz", ■j{u,u') ■ u" = 
u • {u' , u") £ in Xz.<z',z">c; ~ Xp<z,z'>-z"/ 

(iii) the J-valued inner product is full; i.e., the image of the induced map X^ x X[,(,/) — > 3^^<z,z'> spans a dense subspace 
of "J ^<z,z'>; 

(iv) the E-valued inner product isftdl. 

In this case, we write (F, J) ~(z,x) (S, £)• 

Remark 3.7. It follows from Definition and Lemma\33\that //(F, J) ~(z,x) {9,E), then (S/£) ~(z-i,x) 
Furthermore, it is starightforward that for all z e Z, (the completion with respect to the inner products of) X^ is an 
imprimitivity Bc^,yA^(:^ybimodule. 

Example 3.8. If (S, £) is a Fell system, then (S, £) ~(z,;,£) (S, £), where Zg is the space of morphisms 3*^' (with which 
we identify S)- Indeed, Zg implements a Morita equivalence S ~Zg S, Ihe generalized source and range maps being 
the source and range maps s and r of ^ Z gC) , together with the canonical left and right actions given by partial 

multiplications. Notice that Z~^ = {g~^ \ g € 9]. It is easy to see that the inner products g <•,•>: Zg Xg(o) Zg^ — > S and 
< ■,■ >g : Zg^ Xg(o) Zg — > 9 are g < g,h >= gh~^ and < g,h >g = g~^h, respectively. £ acts on itself over Zg by definition 
of a Fell bundle. Now, the conjugate bundle £ — > Z~^ is given fibrewise by E^-i = [e' \ e e Eg]. The inner products are 
Eg X £,j-i 3 {ei,e'^) i — > eie* e Egi^-i, and E^-i x £;, 3 (ej,e2) i — > e\e2 £ E^-n,. It is straightforward that all the conditions 
of Definition \3.6\ are satisfied. 

By virtue of Remark \3?7\ and Example 13.81 equivalence of Fell systems is symmetric and reflexive. Also, it is 
not hard to show that it is transitive, so that it defines an equivalence relation among the collection of Fell systems 
(cf. 1 8 1). 

In the sequel, we will need the following result. 



EL-KAIOUM M. MOUTUOU AND JEAN-LOUIS TU 



Proposition 3.9. If{T,T) ~{z,x) (S, £), Cc(Z; X) is a full pre-inner product Cc(r;T)-Cc{S', £.)-bimodule with respect to the 
inductive limit topologiesu under the following operations: 

{^■<P){z):= f ^iy)<Piy-'-z)d^f\y), (7) 
Jr'(2) 

{<p-ri){z):= f cP(z-g)r](g-')dnf\g), (8) 



e.(r;3-)((/>, ipXy) ^ , ) ^ {'^^^ ' S)' '/'(y ^ • z • S)) dl-if\g), where r(z) = r{y), and 



(9) 



>/'>e.(S;£)te) := ^ ('/'(y"' • z), ^{y~' ■ z • ^))^ d^fiy), where s(z) = r(g), (10) 
Proof See fT2l or f8l. □ 



We will adopt the following notations. 

Notations 3.10. 1. For the sake of simplicity, we will sometimes write {■ , ■) for ec(r;3-){-, ■) and {■ , ■) for (■, •)eas;£)- 
2. As in [181, if^ £ Cc(S; £), rj e Cd^; 9), and (p,ip e CdZ'^', X), we will write E, : <p and (p : qfor the left and right actions of 
CcO; £) and 6^(1; J) on 6^(2"^; X), respectively, and we will write <i(p , ip)) for ec(S;£)(<^'/ V) ''"^ (('P > '/')) (0' '/')ec(r;7)- 

Remark 3.11. We should note that the proof of Proposition 13.91 is mostly based on the crucial result proved in IT2l 
Proposition 6.10] that guarantees the existence of a net {/aIaea in Cc(r; J) of the form /a = {(p"^ , (pf), with each 
(pf e Cc(Z; X), ziifcicfc is an approximate identity with respect to the inductive limit topology for both the left action of 
Cc(r;9^) on itself and on 6^(2; X). By symmetry, a similar statement holds for (S, £). In particular, by Example \lM the 
same result shows that for any Fell system (S, £), Cc(S; £) admits an approximate identity for the inductive limit topology. 



4. The linking Fell system 

In this section, we use some constructions from |13 Chapter 6] and flOl §.2]. If I ~z S, then form the Linking 
groupoid M ? M*"* by setting: M := T U Z U Z'^ U S, and M*'^' := r*''' U S*"), the source and range maps Sm 
and rjv[ being the obvious ones. The partial multiplication of M is given by 



■MP M, 



(71,72) 


e rP) : 


7172 




er 


(y,z) 


er*Z: 


y.z 




eZ 


(z,b(z')) 


e Z Xg(o) Z-i : 


2.b(z') 


:=r{z,z') 


£r 


(z,^) 


ez*g : 


Z-? 




eZ 


(b(z),z') 


e Z-i Xr(o) Z : 


b(z).z' 


:= <Z,Z')g 


eS 


(Kz),7) 


e z-i * r : 


b(2).y 


= b(r^.2) 


eZ 




e g * z-1 : 


g.b(z) 


= Kzr') 


eZ 






^1^2 




eg 



Since we are dealing with Banach *-algebras, the only properties we take into account here are the continuity of the actions and the pre-inner 
products with respect to the inductive limit topologies, the compatibility between the actions and the pre-inner products, and the fullness of the 
latters. 
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SO that MP) = rP> U r * Z U Z Xg(o) Z"! U Z * S U Z'^ » T U Z"! Xno) Z U S * Z"! U gP). Finally, the inversion in M is 
defined by 



M ■ 



r 3Y 

Z 3Z 

Z-1 3 b(z) 

S 3;? 



y-1 e r 
b(z) e Z-i 
z e Z 



With these structures, M 
( (Bl Proposition 6.2.2]) 



: M*"' is a locally compact Hausdorff groupoid with open source and range maps 



Now, let hy and fig be left Haar systems on F and 9, respectively. Then, if F ~z there exists a full r-system@ 



/.iz = IfizK/erP) of Radon measures on Z determined by 



(0):= r 0(z.g)d^if (^), 



(11) 



for all y e F*"' and (p £ Cc(Z), where z is some arbitrary element of the fibre Zy = r ^(y). Furthermore, fJz is a 
left Haar system on Z for the left action of F; that is, for all y 6 F and ip e Cc(Z), we have (p{z)dj/^'\z) = 

_£ cp{y.z)dj/^^'\z) (see |13' §.6.4], ITSl ). Similarly, considering the inverse Z^^ : S — > F, the Haar system /Jr 
induces a left Haar system j-i^-i = |fi^_j Ixegco) on Z"^ for left action of S. Note that we have supp/.r^ j = {x^)~^(x) = 
Z^^, and that for (p e Cc(Z~^) and b(z) e Z^^ we have 

^lA<P)-= r, 0(b(y-iz))rf^f'(y). (12) 

Moreover, ^Lir, f s, fz, and ^lIz-i induces a left Haar system j.iM on M as it is shown in the following proposition. 



Proposition 4.1. Assume F ~z S, flwd fir awd fig 'e/f Haar systems on F and S, respectively. Then, under the above 
constructions, there is a left Haar system fijyt = l/i'^laieMC) linking groupoid M determined by 

f4'(f|r) + f<:j'(f|z), '/(w € PC), and 



/or fl/; o) e MC' flwd f e e,.(M). 

Proof. See IT3l Proposition 6.4.5], or flS' Lemma 4]. 



Proposition 4.2. Suppose (F, J) ~{z,x) (S, £)• T?/ew lye de/i'we a Banach bundle C over the linking groupoid M, where C 
is the topological space L :=JuXuXLJ£, the projection is given by 



M, 





3/ 




eF 


X 


3 M 


n{u) 


eZ 


X 


3 b{v) 


b{n{v)) 


eZ-1 


£ 


3 e 


-^p^(e) 


eS 



(14) 



^See for instance |17| for the definition. 
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Moreover, : L — > M is a Fell bundle with respect to the multiplication £PI — > m'L and involution (*) : £ — > L 
respectively given by 



X Xt,(22) 

£jf X X[,(z) 
£j X £ft 



3 {fv f2) ^ /1/2 e /or (yi, ^2) e F^) 

^f-u eXy.^,for(y,z)eY*Z 

3{u,\>{v)) ^■j{u,v) e Jj,<zj,z2>,/or(zi,b(z2))€ZXg(o)Z-i 

9 (m, e) I — > M • e e X^g, for (z, g) e Z * S 

3{b{u)J) ^Hf'-u) eX,(,-i,),/or(b(z),y)xZ-i*r 

3 {b{u),v) I — > {u,v)e € £<,j,z2>g, /or (b(zi),Z2) e Z"i Xj-m Z 

3{eMu)) ^Hu-e-) £X,(,^-i),/orfeb(z))eg*Z-i 

3 (ei, £2) ^ eie2 e Ej,,,, for {g, h) e gP) 



and 





3/ ^ 


-^/* 


£3^,,-i,/ory er 


X, 


3 M H 


-^b(M) 


e X(,(z), /or z e Z 


3^b(2) 


3 b(u) H 


— > V 


£ X„ /or b(z) e Z'^ 




3 e H 


— > e* 


££,-i,/or^£S 



i'):L^L,} ' ' , • (16) 



JL is called the linking Fell bundle, and (M, L) is the linking Fell system. 

Proof. It is clear that p''' : L — > M is a Banach bundle. Next, observe that all of the conditions of Definition 12. II 
are verified by the operations iT5\ and fT6t by merely applying Definition 13.61 to the equivalences (Z, X) and 
(Z-\X). a 

At this point, we can do integration on M with values on the the linking Fell bundle £ . We then can form 
the convolution *-algebra Cc(M;£). Note that we have an isomorphism of convolution *-algebras Cc(M;£) = 
e,.(r; J) e edZ; X) e ec(Z-^; X) e e,(g; £); so that an element ^ £ e,(M; £) can be written as a matrix 

^12 

^21 ^22 

where 5n := ^|r £ e,(r; J), ^12 := ^|z £ e,(Z;X), ^21 := ^|z-i ^ e,(Z-i;X), and ^22 := £ e,(g;£). With respect to 
this decomposition, the involution in Cc{M;L) is given by 



^11 ^21 
^12 ^22 



b o £.12 



b o f;2i ° b 

'b 



where ^* j and E.'^^ are the images of £n and ^^22 under the standard involutions in Cc(r; J) and CdS; £), respectively. 
Furthermore, routine calculations (cf. |8 |) show that the convolution in CdM; L) is given by 



^11 £.12 
, £.21 £.22 



riu qi2 

T]2l rj22 ) 



III * Tjii + J,£i2 , T]2i> £11 ■ rjl2 + ll2 ■ r[22 
. ('?n ■ ^21)* + (']21 • ^22)* <^21 ' ']12> + ^22 * ']22 j 



(17) 



Suppose (r,3) ~(z,x) (g/£)- For x £ g*"', we also denote by X — > Z,: the pull-back of X — > Z along the 
inclusion Zv ^ Z. Then, L^(Zj.; X) is the completion of Cc(Zi.; X) with respect to the A^-valued inner product 
(0 , i/') (x) = J|^,|,) ((|)(y~^ • z),\p{y~^ ■ z))iidjiy^\y), where s(z) = x, and the right A^. -action {(p ■ a){z) := (p{z)a, for 

£ Cc{Zx;X),a £ Aj^. Thus, L^(Zj^;X) is a Hilbert A^-module. Similarly, for all y £ F*"', one can form the Hilbert 
By-module L'^iZ-^;X). 

The following proposition will be crucial in the proof of the equivalence theorem (Theorem l5.51 . 
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Proposition 4.3. Suppose {T,3^ ~(z,x) (S, £)• For x e 9*'^', the left action of GciT;3^ on ec(Zj^;X) induces a '- 
representation : Cc(r; J) — > LaA^^^Zx', X)) that factors through the O-algebra C'.{T} 3^). Similarly, for all y e F*"', we 
get a representation : Q(S; £) — > Lb,,{L'^{Z-^;T)). 

Proof Let E, e C^Cr; 5"); theri for i/j e 6^(2.,; X), simple calculations give • , i/j) (x) = {(p -ip) (x). It follows 
that the A;r-linear operator CcCZ^; X) 3 (p i — > (p & CciZx', X) is adjointable, and then boimded with respect to the 
norm || • ly^z.-.xy which gives the "-representation ; e,{T;3^) — > £a,(L^(Zi;X)),^ — > (RK^) : (p ^ ■ (p). 
Now, let Zo e Z,.-, and let y := r(zo). Then, to complete the proof it suffices to check that for all E, e Cc{T;3^), 
\\Rli£.)\\ < \K,{£,)\\, where : 6^.(1; 3^) — > £B„(L2(ry; J)) is the representation defined in LemmalZTl 
Consider the (left) Hilbert By-module Xz^,, and form the interior tensor product L^(T,,; J) ^b„ X,;, which is a right 
Hilbert A.^-module imder the operations defined on simple tensors by: {^i^u) ■ a := (ua), and {E,^u,ri®v) := 
{u, {l, i]}bj, ■ v}a,- Then, the map 

Mz„ : L^iTi, J) (8>B„ Xz„ L\Zx; X), I, ^m^Yj ^' " (1^) 

(' i 

where for E, e Cc(ry; J) and u G X,„, {E, ■ u){z) := E{y < z,Zq >) ■ u e "X,^^-^^^.-^, is an isomorphism of Hilbert 
Aj.-modules. The map (18) is clearly Aj^-linear and injective. To see that it is surjective, first notice that the well 
defined map Zv 3 z i — > y < z,Zq >e F,,, is a homeomorphism of F-spaces (its inverse being F,, 3 y i — > y ■ Zq € Zx). 
Next, for all z e Zx, the linear span of the image of 3^p<2,zo> ^ Xzg 3 {f, u) \ — > f • u E Xj,<2,zo> 20 is dense in Xj,<2,zo> 20 
by definition of a Fell pair; so that, using the Weierstrass theorem, 

spanj?] • u : Zx 3 z 1 — > 7](r < z,Zo >) ■ u e X^<z,2o>.zo I V 6 3"), u 6 X,;,} 

is dense in Cc(Zx', X) in the inductive limit topology. It follows that any (p e Cc{Zx} X) is the inductive limit of some 
rji ■ Ui = Mz(,(l^, I]/ <Xi M,). We then have an isomorphism of C*-algebras 

M20 : LaALHT,,;T)®b,, LaALHZx}^)) 

such that M2„(T)(£;^;-w,) := "20 (T(L,^/ ® ".))/ for all T e Ca,{LAT,j;J) <»b„ ^zo)- Furthemore, the following 
diagram is commutative 

e,{T;3) £^,(L2(Z,;X)) 

£b„(L2(F,; J)) ^ £^,(L2(F,;?)®B., 

where the lower horizontal arrow is the map T 1 — > T (8 id (cf. for instance |7| p.50]). Indeed, let £. e Ci-(F; J), and 
(/) e Cc(Zx; X). Without loss of generality, we can suppose that (p = rj ■ u; then, 

M2„ (71^(5) ® id)(|) = (nla) ® id)(r] ® M) = {nl{E)i]) = (E * i]) ■ u = E ■ (rj • «) = R^mv ® «) = ^J(^)'|', 

which completes the proof since u^g is an isomorphism and ||7iy(^) (8> id|| < ||7iy(^)|| (see fTl p.50]). □ 

5. The equivalence theorem for reduced C*-algebras of Fell systems 

We start this section by the following observations. Let (S, £) be a Fell system and let A := 60(3*"'; be as 
usual. Suppose we are given a bounded continuous section / e C|,(S*'''; £'"'). Then, for E, e Cc(S; £), we define an 
element LfE =: fE 6 6^(3; £) by setting: 

LfEig) := f{r{g))E{g) e £„ for all g e 3. (19) 

Also, we define an element Ef e Cc(3; £) by 

33^^ Efig) := E{g)f{s{g)) 6 £,. (20) 

Notice that 6^(3*'''; £|g(o)) is a C*-algebra under pointwise operations and the supremum norm ( fT". Lemma 3.2]). 
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Lemma 5.1. For all f e CtO*"'; fi**^'), we have Lf e £(L^(S; £)), where Lf is the element defined by ( [19) . Moreover, the 
map L : CiO*"'; 3 f Lf e J:a{L^{S; £■)) is a '-homomorphism. 

Proof. Lf is clearly continuous; also it is bounded since / is a bounded section (it is straightforward that \\Lf\\op < 
11/11, where || • \\„p is the operator norm in L{L'^{5; £)))• If ^, e e,(S; £) and x e 3^°\ then 

AiLfLnXx) = J^^^LfUg-'rn(g~'Wl(g) 



= ALLf.rjKx); 

hence, Lf is adjointable with adjoint := Lf. Moreover, Lf^f^(E,) = Lf^(Lf^{E,)),'iE, e ec(S;£); thus Lf^f^ = 
L/jL/,,V/i,/2ee6(g<«);£(o>). □ 

Proposition 5.2. Let (S, £) be as above. Then, ei,{9^°'>; £<">) is a C'-subalgebra ofM{C;(9} £))• 
Proof If ni{£.) e C*(S; £) and / e CO*"'; £("')/ we put 

Lf{n,l) := ni{Lf^) = n,{fl), and RfimO := n,{^f). (21) 

We verify that with these formulas, we obtain a double centralizer {Lf,Rf) e M(C*(S; £))■ To see this, observe that 
for l^, 1] e 6^(3; £) and g eS, one has 



(/(^ * nMg) = mg)) r mn{h-\)d/^'\h) 

= r fm)mn{h-^g)di^f{h) 

= r (/a(?/)r](rV)dfif (?/) 



and similarly one shows that {E, * if)f = I* i]f. Moreover, we have 

af^n)ig)= f mfmHh-'g)d^f\h) 

mf{rih-'gMh-'g)d/^\h) 



X 



= r m{mh-'g)diif{h) 

J grig) 

= (^*mgy, 

so that Rf{ni{£,))niiri) = ni{£,)Lf{ni{ri)), and by continuity, for every / 6 66(3*°'; £*"*), the pair (Lf,Rf) verifies 
R/(fl)fo = flL/(b)forallfl,beq(S;£);i.e. (L/,R/) e M(q(S; £)). □ 

In what follows, we identify the double centralizer {Lf,Rf), and hence the element / e C(,(S*'''; £*"'), with 
Lf € £(L^(S; £)), by considering as a multiplier of C*.(S; £) under the formulas: Lfni{E,) := ni{LfE,) = ni(f£,), and 
n,mf := R/(7i,(^)) = n,{Ef). 
Now, consider the field of C* -algebras 

M(£) := ]J M(£,) 

over 9*'^'. Then, denote by C-^'''(S*''';M(£)) the unital C*-algebra (under pointwise operations and the supremum 
norm) consisting of all the bounded strictly continuous sections of M(£) over S'"' (see tl, p. 7] for details). Note that 
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the unit 1 e Cf (g('^>;M(£)) is the section given by 1 : g(«) 3x^ (id£,,id£j 6 M(£.,), where idg,. : E.^ — > is the 
identity map. From Proposition |5.2| we obtain the following corollary. 

Corollary 5.3. Let (3, £) be as above. Then Cf (S<'";M(£)) is a unital C -subalgebra ofM(C;{9; £))• 

Proof. The map C(,(S*'''; £g(o)) 3 / i — > Lf e M(C*.(S;£)) is non-degenerate; indeed, by considering the left Fell 
g-pair (£,£) determined by the full maps £.g x £/, — > Egi„ we see that for / e etCg*"'; £("') c eoCg*"'; £<"') and 
^ e e,.(g; £), the element Lf^ € e,{9; £) is nothing but the canonical action of eo(g<'"; £<"') on ^.(g; £) defined by 
the formula (/ • £.){g) := f{y{g))^{g)- It follows that if is an approximate identity of Ci,(g*'^'; £*"'), then thanks 
to fm Lemma 6.1], for all E, € Cc(g; £), fl, • E, — > E, in Qc{3', £) with respect to the inductive limit topology. Thus 
L„,7Z;(^) = miarE) 7i,(^)inCXg;£). Whence, L(e6(g(''>;£(«)))Q(g;£) is dense in Q.(g;£). Now, from IH §.3.12.10 
and §.3.12.12], the map L extends to a unital strictly continuous *-homomorphismM(ei,(g('''; £<"')) — > M(Q(g; £)); 
this map is again denoted by L. Furthermore, from [Ij Lemma 3.1], we have that M(eo(g*°'; £*"')) = ef''(g"''; M(£)), 
which settles the result. □ 



Proposition 5.4. Suppose (F, "J) ~{z,x) (3/ £)■ Let x^f^^ and x^.^^^ be the characteristic functions o/F*"' and g*"' respectively. 
Then we get two elements x^^^j 1 and ^^.^g) 1 o/e^'''(M*'''; M(£)), where 1 6 C-*(M*'''; M(£)), defined by scalar multiplication. 
Now define 



'V(O) 



and 



L, , , 6M(C;(M;£)). 



Then Py and pcj are complementary full projections^in M{C'{M;C)). 



^(ujl and A' ^,,0)1 are complementary projections of e^''(M*''';M(£)). Hence, their 



Proof. It is straightforward that x 
images pr and pg are complementary projections of M(C*(M; £)), by virtue of Corollary |5.3l 
Now, let ^, 7] e e, (M; £). Then 

n,^^(apr<(rj) = nJ^(E * pr/j) = 7t,^(epr * r,) 

^11 * fjll ^11 ■ f]l2 



^21 : '111 <^2i ' 'Jiz) 



So, to check that pr is full, we just have to show that 

^11 • 7]12 
(^21 ' '?12> 



span 



j J En* nil 
f' [ En -.nil 



U„ ee,(F;J),^2i ee,(Z-i;X), 



r]i2ee,(Z;X),7]n ee,(F;£)) (22) 

is dense in C'(M; £). But this is not hard to verify, by using the previous results. Indeed, the existence of an 
approximate identity in Cr(F; 3^) for both the left actions of Cc(F; J) on itself and on Cc(Z; X) shows that elements 
of the form En * t]ii, for Eii,riii £ Cc(F; J) span a dense subspace of Cc(F;5') and that elements of the form 
^11 • ^12/ for ;]i2 e Cc(Z;X), span a dense subspace of Cc(Z;X). Also, that elements of the form ^21 : JJii/ where 
^21 £ Cc(Z"^; X), r]ii € Cc(F; 5), span a dense subspace of Cc(Z"^; X) follows from the existence of an approximate 
identity in e,(F;3^) for the right action of ^(F; J) on ec(Z-i;X) (cf. Remark ISlH . Finally since ec(Z;X) is a 
full pre-inner product ec(F; J)-ec(g; £)-bimodule (Proposition |3!9l, the image of (■ , •) is a dense subspace of 
Ct-(g;£)- We then have shown that C*(M;£)prC*(M;£) is dense in C*.(M;£). In a similar fashion, we get that 
C*.(M; £)pgC*.(M; L) is dense in C*(M; £), which completes the proof. □ 



^Recall from (2] that a projection p e M(A) is said to he full if pAp is not contained in any proper closed two-sided ideal of A; that is, span{A/?A) 
is dense in A (see for instance |^ or 1151 p. 50]). In this case, we say that pAp is a full corner of A. Two projections p, J? e M(A) are complementary if 
p + q = 1, m which case pAq is a pAp-ijAi^-imprimitivity bimodule; i.e. pAp and qAq are Morita equivalent. Conversely, two C*-algebras A and B 
are Morita equivalent if and only if there is a C"-algebra C with complementary full corners isomorphic to A and B, respectively (cf. [ 3, Theorem 
1.11, n^l Theorem 3.191). 
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Theorem 5.5. Let T and S he locally compact Hausdorff groupoids. Suppose (r,9") ~(z,x) (S, £)■ Then the isomorphisms 
of convolution '-algebras 

'61 ^ 




e.(r;j)9^i 



epre,(M;£)pr, 



(23) 



and 



e.(g;£)9r]22 



epge,(M;£)pg 



(24) 





1]22 

extend to two isomorphisms of C -algebras 

C;,(r; J) prC;(M;£)pr, and C;{S;E) pgC;(M;£)pg. (25) 

In particular, C*(r; J) and C*(S; £) are Morita equivalent with imprimitivity bimodule prClCM; 'C)pg wfcicfc is isometrically 
isomorphic to the completion ofCdZ; X) m the norm 

Wk ■■= m , 'P}/c'i3.,Ey for 4> 6 e,(Z;X). 

Proof. That the maps defined by i23l and ( l24t are isomorphisms of convolutions "-algebras is obvious. 
As previously, let us put B := eo{T'-°^; J*"') and A := eo(S""; £<"'). Then 

eo(M"";£<°') s BeA, 

as C*-algebras. Now, with respect to this decomposition, simple calculations show that 

Bs,A(Lri) = i^B{^ll,r]ll) + ^(^'21 ' ']21>|r(l'))® (<^12 / ']l2>^|g(0) + ^(62, ']22>) , (26) 



for all e 



^11 ^12 
^21 ^22 

prec(M;£)pr, then 



and I] 



so that 



111 ^12 

^21 T]22 

61 



^11 





in Cc{M;L). In particular, suppose that £. 



in 




ill 




8(^11, en>eo. 



(27) 



= ll^iil 

thus, (|23) extends to an isometric B-linear map Mr of B-modules 

Mr : L2(r; J) prL^(M;£)pr, 

where pri^(3Vt;£)pr is the completion of prCc(M;£)pr with respect to the norm of L^(M;£). Similarly, for 
62 € e,(S; £), we get 





^22 





^22 



OeA<^22,^22), 



and hence 





^22 



= ll^22llL2(g;£); (28) 

L2(M;£) 

so that l l24t extends to an isometric i4-linear map Mg of A-modules 

«g:L2(g;£)^pgL2(M;£)pg. 

Furthermore, since Mr and Wg are surjective, then from 1 7 , Theorem 3.5], they are unitaries in £3 (L^(r; J), pri'^(M; ^)Pt) 
and £/i(L^(S; £),pgL^(M; ^)ps), respectively; in other words, 

L2(r; J) *prL^(M;£)pr 
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as Hilbert B-modules, and 

L^(S;£)*Psi'(M;£)ps 

as Hilbert A-modules, here the sign "~" stands for unitarily equivalent. Moreover, it is very easy to see that the 
following diagrams commute: 



ec(r; J) ■ 



£(L2(r;J)). 



■pre,(M;£)pr 



£(prL'(M;£)pr) 



It then only remains to check that for ^ 



Ixx 




e.(S;£)- 

£a'(S;£)) 
and 7] : 



■pgec(M;£)pg 



(29) 




r]22 



£(pgL2(M;£)pg) 
, we have ||^:||c;(jvt;£) 



ll^nl 



lc;(r;a-) 



and ||r7llc;(M;/;) = ll']22llc;(3;£) which will lead to the desired isomorphisms of C*-algebras f25t since pr and pg are 
complementary (cf. Proposition |5.4t . However, by symmetry it suffices to check one of the latter equalities. To 
this end, we will use the constructions of Lemma IZTl 
Note that we have 

e,(ry; J) e e,(z-i; x), if (i. = y € rc'; 
e,(z.,; X) e e,(s,; £), if « = x e g(o) 



e,(M,;£) 

In other words, elements of Cr(My;£), for y e F*"' , are of the form 
e, (Z-i;X), while elements of ec(M,,;£), for x e S'^', are of the form 



'In 


^ 


7]21 








'?12 





'|22 ^ 



with T]ii e ec{T,,;3) and r]2i e 
with ?]i2 £ Cc{Zx; X) and 1/22 £ 



edSx; £)■ Then, for all y e r*"*, and C e GcCM:,; £), one has 

<^,C)b,„ nn{y)Xn(yyd{^r)y{y) + ^(r,2i(b(z)),C2i(b(2))>d(f(z-i),(b(2)), 

where (fiz-i);/ is the Radon measure on with support Z^^, which is the image of /i" on Z under the "inversion" 
Z"^ — > Z, b(z) I — > z; it is then given by 

i^tz-^lM) = f , <pms~' ■ Hmd^f'^^\gl for £ e,(z-i). 



So, by using Notations [SlOl we get a, )])b„ = <»]„, Cii)b„ + «rj2i , C2i\(y); hence L^M,,; C) = L^T; J) ® L^Z;/; X). 
In the same way we verify that L^{M,;L) = L'^{Z,; X) e L^{Sx; £)• Thus, for all £, £ e,-(M; C), we have 



In particular, if £, - 



III 




llc;(M;£) = max<j supllTif (^)ll, supllTif ©II 



£ e,(M; L), and y £ r'"*, then nf{E,) = nl{E.ii) ® 0, so that 



llc;{M;£) =max<j||^nllq{r;3-), sup||7z; (^)ll 



(30) 



Now, letx £ gf'^', and suppose rj £ e,(M.^;£) is such that \\i]\\ihm,;l) ^ 1; i-e- inax{||;]i2||i.2(z,.x), ||t]22llL2(g.£)} < 1. 
Then, from a simple calculation we obtain 

<7if (^)r,,nf (^)7|>A, = <^ii • ni2 , III ■ ili2l(x) = {Rlaii)ni2 , R\{hii)m2){x); 

hence, by applying Proposition we get l|nf (^)r]||i.2(jvt,;£) = II^[(^:ii)']i2IIl2(z,;X) ^ ll^iillq(r;3-)- Therefore, 
from |30), we get ||^||c;(M;£) = ll^iillc;(r;j-)- □ 
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Recall ( f6'. p. 14]) that if 71 is a Dixmier-Douady bundle over S, and T ~z 9, we define the pull-back over Y 
as the quotient space of the pull-back s*yi := {{z,a) e ZxA \ 5(2) = p(a)] by S, where S acts on s*yi (on the right) 
by(z,fl)-^:= (z-g,a-\a)). 

Corollary 5.6. Assume that {A, S, a) is a Dixmier-Douady bundle, and that F ~z S- Then A ><,■ S ~Morito A^ F. 

Proof. Observe that for y e F, the fibre (s*yi^)j. = ^f^j^.j is identified with {Zs^(y) Xg(o) ^)/S- Consider the C* -bundle 
s*yi — > Z. Then, the Fell system (F,Spyi^) acts on (Z, 5*71) on the left via 

Zsp(y) Xq(0) A 

g X yi,(,) 9 ([z, a], b)^ahe A^y,^ = A,i,), (31) 

where (y, z) e F * Z. Also, we have a right Fell S-pair (s'^A, s'A) over Z determined by the right action 

As(z)XAs,j(g) 3 {a,b) ag\a)b e A,(,g) = A^.jig). (32) 
Next, define the inner products in the obvious way: if (z, b(z')) e Z Xg(o) Z~^, we set 

yi,(,) X i:;:; 9 (fl, bm ^ [z, e (s* ^1^)^,,^,,, = (33) 

and if (t)(z),z') € Z^^ Xp(o) Z, we put 

-A5(z) X A,^,') 3 (b(fl), b) 1-^ aZlz'>,. Wb e (s*gyi)<z,z'>s = ■^^9(<^,^'>3) = ■^*')- (34) 

It is not hard to check that the settings (|3l}, (|33, (|33), and ( l34t give an equivalence of Fell systems (F, s* ^1^) ~(z,5*ji) 
(S, SgTl). We thus complete the proof by applying Theorem l5.5l □ 



Remark 5.7. In particular, it results from the last corollary that twisted K-theory ( l2TI ) is invariant under Morita 
equivalences of locally compact Hausdorff groupoids; i.e. if A e Br(S), and F ~z 9, one has ^^^(S) = ^^z(r)- 

6. The reduced C*-algebra of an S^-central extension 
Let g be groupoid. Recall that ( (m, |6), |20|) an S^-central extension of S is a pair ( ^ F — ^ F ,P), 

where ^ F — F is a central groupoid extension, and F ~p 3; that is F*"* = F*"*, acts continuously 

on F, and n : F — > F is an -principal bundle. Such an object is symbolized as (F, P) if there is no risk 
of confusion. We say that (Fi,Pi) and (F2,P2) are Morita equivalent if there exists an S^-equivariant Morita 
equivalence Z : Fi — > F2 0such that the following diagrams commute (in terms of generalized morphisms): 




S Z2 



The set of Morita equivalence classes of -central extensions of S is an Abelian group denoted by Ext(S, S'). 
Note that the inverse of a class [E] in Ext(S, S^) is the class of the opposite E"'' defined as follows: if E = (F, P), then 
E°'' := (r°P, P), where F"'' is F as a topological groupoid but the S^-action is the conjugate one; i.e. t ■ ff := (t"^}')"''. 
It is known ( (6), tT9l , l8l , 1211 ') that elements of Ext(S, S^) are in bijection to those of of the 2-cohomology group 
H^(9', S^); more precisely, there is an ismorphism of abelian groups Ext(S, S^) = H^(9', S'); we refer to (6), fT9l , 151 



■^Let Tif : r, — * r,, i = 1,2 be an S^-principal bundle. A generalised morphism Z : Fi — > Y2 is said to be S^-equivariant if there is an action of 
on Z such that (A/i) ■ z-y2 = yi • (Az) •y2 = yi ■ z ■ (Ay 2), for any (A, }/i,z, ^2) e X fi X Z X r2 such that these products make sense. Is is shown 
( 1211 ) that such a morphism induces a generalized morphism Z/S^ : Fi — » Fz. 
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for more details. 

Given an -central extension E = (Y, P) of S, we form the Fell system (L, F) as follows: 

L :=f Xs, C := (f X C)/(,-,,).(^.j,,^-.,)^,,si • 

If [f, t] denote the class of {y,t) e F x C in L, then we get a line bundle over F by setting L 3 [f, t] i — > n(y) e F. 
Next, we define the multiplication and the "-involution on L as Ly^ x L,,^ 3 {[fi, ti], [f2, t2]) i — > [fifi, hh\ £ ^y-in/ 
for iyiigi) e F^', and L,, 3 {y, i] i — > r^] s L,,-i, respectively. 

Definition 6.1. T?!e reduced C -algebra C*.(1E) o/E !s defined as the reduced O-algebra of the Fell system (L, F); i.e. 
Q(E) := C;(F;L). 

Proposition 6.2. (Compare with |21, Proposition 3.3]). Suppose Ei ~ E2; [Ej] = [E2] in Ext(S,S^). Tlien 

Q(E2). 

Proof. Suppose E, = ( ^ F, — ^ F, , 6„ P,), and L, := Fi Xji C. If Z : Fi — > F2 is an S^-equivariant Morita 

equivalence, then take X := Z Xji C = Z x CI {z,t)~(Az,A-'^t)- Then, X is a line bundle over Z/S\ the projection being 
the map {z,t\ 1 — > [z], where [z] is the class of z in the quotient space Z/S^. Furthermore, it is easy to verify 
that (Z/S^, X) implements an equivalence of Fell systems (Fi,Li) ~ (F2,L2). Therefore, our assertion follows from 
Theorem |5.5l □ 

Let us now recall some constructions that we will need in the next result (see for instance |6l|20l|8l for more 
details). From an -central extension E = (F,P) of S, one constructs a Dixmier-Douady bundle (.Ae, S/CIe) in 
the following way. Let pf = |/.i^},^£p(o) be a Haar system on F. For any 1/ e pC), define the space e,(F!';M)* of 
compactly supported continuous J{-valued S^-equivariant functions on V as 

■Kf := e e,(r!'; ■K) I ^{t ■ y) = t-^E,(y), Vt e S\ f e Ff} . 

Next, define a scalar product (•, •>„ on e,(n; 'Kf by C>y := J^„(^(y), C(y)>dfi^(y). Denote by := L^^y- Kf the 
Hilbert space obtained by completing G^iX-'; ^)*' with respect to (•, •>,,, and let := U„er(o) HJ. Then H'' — > pC', 
being a countably generated continuous field of infinite-dimensional Hilbert spaces over the finite dimensional 
locally compact space F*"', is a locally trivial Hilbert bundle (cf. |4 Theoreme 5]). Moreover, F acts continuously 
and by unitaries on W under the operation: e,(P(''>; M)*' 3^^[y-E,: ?''(>'' 9 h 1-^ ^if'^h) e ) e 6, (f ''(''); M)*', 
for y e P. Consider the continuous field of elementary C*-algebras %^ := Llyeri") ^(Hy). Then %^ — > P'"' 
is a locally trivial C*-bundle with fibre %, according to |4 Theoreme 8] (by comparing the field "K^ with the 
trivial Hilbert bundle). Furthermore, there is a continuous action a of P by automorphisms on given by: 
3C^jj,j 3 T I — > y^^Ty e ^l^yy where y is any lift of y on P, which gives us an element {X^,T,a) in Br(F). Finally, 
we define A-e over S as the pull-back of through the Morita equivalence g ~p-i P; i.e. Ae := {X^f . This 
construction gives a homomorphism of abelian groups W : Ext(S,S^) — > Br(S). Conversely, from a Dixmier- 
Douady bundle over S, it is not hard to build an -central extension of S, and then to construct a homomorphism 
Br(g) Ext(g, Si) which is inverse to ^ ( |6l, I2TI ). 

Theorem 6.3. Let E e Ext(g, S^ ), and let (Ae, S, We) in Br(g) be its corresponding Dixmier-Douady bundle over g. Then, 
under the above constructions and notations, we have 

Ae X,- g ~M„nY» c:.(e°p). 

Proof. Write E = ( S^ 5~ F — P , Z), where Z : g — > F is a Morita equivalence. For the sake of simplicity, 

we will denote A ■.= X^ . From Corollarv l5.6l we have 

Ae Xr g -Morita .A X, F := C^F; s'JC"^). 
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Thus, we only have to show that 

C;(r; s'A) -Morita C^F; L) =: C;(E°P), where L := f'P Xji C. (35) 

However, again in view of the Renault's equivalence Theorem l5.5l it suffices to build an equivalence between the 
Fell systems {T,s'A) and (r,L). 

Consider the Banach bundle X := s'H^ over F defined as the pull-back of the Hilbert F-bundle H'^ — > F'"' through 
the source map of F. We claim that X implements the desired equivalence over F; that is, that 

(F,s*/l)~(r,x)(F,L). (36) 

From the F-action on defined in the discussion before the theorem, we get a left action of s'A on X given by 

3<;(L2(p()'i)^j{)Si)xL2(p(''2),J{)S' L2(pO'i)'2)^j{)Si 

(T , I) ^ T-^:=y-'T{y2l), ^ ' 

and a right action of L on X 



(38) 

(^ , If, A]) ^ l-lyA]:=y-'-^^ 



where 73 is any lift of in F. The maps (|33 and (|38) are continuous since the F-actions are continuous. Also, 
they are full since the actions are, in fact, isomorphisms. 

We now construct the s*yi -valued and L-valued inner products X * X — > s*yij.< and X x X — > L>j., respectively. 
Note that, as in Example |3H F~^ = | y e F), if (y,b(y')) e F Xno) F"! (in other words, s{y) = s{y')), then 
Y <y,y' >= yy'~^, and if {b{y'),y") e F"^ Xpp) F (i.e. r{y') = r{y")), then < y' ,y" >r= y'~^y"- We then define these 
inner products as 

XyXX,. yi,(„„-i)=3C(L2(F(''),J{)S^) 

(^,b(7])) ^ s.A{E„n).= er,.r, 

where for C, C e L^ij^y, 'Kf , Oc,[,' e X{L^{YV, :Hf ) is the rank one operator 

L^(T\%f 3 C" 1-^ «C',C">x)C € L^{rJ,Kf, ij € F""; 

and 

%„ X X,,.. L,„-i,,» = r°^_j^ „ Xsi c 



(b(^), n) ^ a, i]k ■■= [f'Y, {y'L rn)r(r 



(40) 



where, as usual, y' and y" are any lifts of y' and y" , respectively. Recall that for y e F'"', the scalar product (•, ■){y) 



on Hy = Xy is defined as 



X 



IS ^ 



The algebraic properties of these maps are easy to check. The map (|39) is full, for span ^6^^ | C, C 6 L^(F''''''', "Kf^ | 
is the ideal of finite-rank operators on L^^''^y'\'Kf and the map L^^'^y'\'Kf L'^(Y''^y'\Kf given by the 
F-action is an isomorphism of Hilbert spaces. The map fiOt is clearly surjective. Thus, it only remains to verify 
that the compatibility condition (cf. Definition |3.6l (ii)) holds; that is, for any triple {y,y'^^,y") € F Xp(o) F"^ Xp(o) F, 

^ • (^', ni = s'a{L I') ■ I", V(^, b(^'), I") e X,, X X,. X Xy». (41) 
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One has 

^ ■ a'^ni = ^ ■ [f-YAfe.rmriV))] 

which completes the proof. □ 
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